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Abstract  In the field of automobile parts, a large amount of cylindrical worm gear are used. For example, they are power windows, 

wipers, seats and steerings. The big concern in this field is how to go up the efficiency and go down the size of the worm gear set for the 

environmental and cost problems. Recently, the hourglass worm gear has been observed with interest by its higher efficiency, higher load 

carrying capacity and longer life compared with former ones in general industry fields. But the size of the gear set in automobile field must 

be smaller than it is in the other industry field and at the same time manufacturing way of the gear sets must be fitted to mass production. 

So, in this paper I propose the form rolling die for forming the teeth surface of hourglass worm so as to solve the problem of its mass 

production. In the 1st report I show the calculation of teeth figure of rolling die and worm formed with this pair of rolling dies. In the 2nd 

report, I will show the result of the manufacturing test of the form rolling die and worm. 
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1. Introduction 

Cylindrical worm gearing is used in many automobile-related 

machineries.  For example, it is used in wipers, window systems, 

sheets and electric power steering (EPS) systems.  The 

miniaturization and high efficiency of these machineries are 

particularly important for realizing cost reduction and energy 

savings for automobiles. 

In recent years, it has been clarified that hourglass worm 

gearings that are finished by grinding and have a hardened tooth 

surface have high efficiency, large load carrying capacity and long 

life compared with those of cylindrical worm gearings; as a 

consequence, cylindrical worm gearings have been gradually 

replaced by hourglass worm gearings for general industrial use. 

The worm gearings used in the automobile industry have a 

smaller center distance than those applied for general industrial 

use.  In addition, the worm gearings used in the automobile 

industry are required to be mass-produced on a much larger scale 

than those applied for general industrial use in order to satisfy the 

demand.  The mass-production of cylindrical worm gearings has 

already been realized, however, although the performance of the 

hourglass worm gearings may be superior, their practicability is 

limited before mass production of the hourglass worm gearings is 

realized. 

In this paper, a method of resolving the mass production issue,  

 

by adopting form rolling of the tooth surface of the hourglass  

worm(Note 1) is proposed.  In this first report, the theoretical 

analytical results are discussed, and in the second report, the actual 

experimental results of form rolling will be reported.  

 

(Note 1) Since the tooth surface of an hourglass worm is a screw 

surface with a nonconstant lead, in order to distinguish the form 

rolling of the tooth surface of an hourglass worm from that of the 

conventional screw surface with a constant lead, the former is 

called form rolling of the tooth surface, in this paper.  

 

2. Theoretical Analysis 
2.1 Basic concept 

There are two types of die, roller die and flat die, which are 

used in the form rolling of the tooth surface of an hourglass worm.  

In this study, since the tooth surface of a die is analyzed using the 

theory of skew gears,(1) only the roller die is analyzed.  If a roller 

die is used to fabricate cylindrical worm screws, the roller die has 

a cylindrical external shape; however, if it is used for the 

fabrication of an hourglass worm, a beer barrel shape is adopted as 

an external shape.  The form-rolled tooth surface of an 

hourglass-worm (W surface, hereafter) and the tooth surface of a 

beer-barrel-shaped die used in form rolling (D surface, hereafter) 

mesh with each other while both axes of rotation are parallel.  In  



Fig. 1 Positional relationship of the die processing axis used to form roll hourglass worm  
  

other words, the W surface is rolled and formed under the above 

condition. 

Accordingly, the wheel tooth surface, which meshes with the 

form-rolled worm, should be generated using a tool having the 

same shape as that of the form-rolled hourglass worm, similar to 

the case of generating an hourglass worm gearing using the MC 

tool surface.   

The W surface can be produced using either a conical tool 

surface (C tool surface, hereafter)(2) or reverse-conical tool surface 

(MC tool surface, hereafter).(3)  In this study, since a direct 

generating method is adopted, the center of rotation of these tools 

corresponds with that of the wheel.  However, there is a slight 

difference between the worm tooth surface by C tool and by MC 

tool.  Similarly, if the D surface is hypothetically generated from 

inside (from the material side) by the C tool surface which is used 

to generate the W surface, the W and D surfaces come into contact 

with each other . 

 

2.2 Setting of coordinates and definition of 
symbols 

In Figs. 1 and 3, 

O-xyz: stationary coordinate system in which the z-axis 

(perpendicular to this paper) corresponds to the wheel axis and the 

y-axis is a common perpendicular line. 

In actuality, since it is not possible to generate a D surface from 

inside (from the material side), the D surface is generated using a 

second conical tool surface (C2 tool surface, hereafter), which is 

the second conical tool surface that is symmetrical to the C tool 

surface with respect to the pitch point .  As shown in Fig. 1, when 

the wheel axis is placed on the left-hand side with respect to the 

worm axis, the conical tool axis and die axis also exist on the 

left-hand side; however, the MC tool axis and the C2 tool axis 

exist on the right-hand side.  The centers of rotation of C and C2 

tools correspond to that of the wheel as explained before.  Since 

the direct generating method is adopted, the angular velocities of 

C and C2 tools also correspond to that of the wheel.  The D 

surface generated by the C2 tool surface is slightly different from 

the D surface generated by the C tool surface.  This relationship 

resembles the relationship between the C tool surface, which 

generates the W surface, and the MC tool surface.  

O4-x4y4z4: C2-tool-axis fixed coordinate system in which the 

conical principal axis is the z4 axis.  (In Fig. 1, the z4 axis 

intersects the paper at point O4.) 

O2-x2y2z2: wheel-axis fixed coordinate system in which the z2 axis 

corresponds to the wheel axis, z. 

O1-x1y1z1: worm-axis fixed coordinate system in which the x1 axis 

corresponds to the worm axis. 

Od-xdydzd: die-axis fixed coordinate system in which the xd axis 

corresponds to the die axis. 

The angular velocities of the worm, wheel and die around O1, 

O2 and Od axes areω1, ω2 and  ωd, respectively.  The distances 

between the two axes are expressed as OO1 = e, OOd = ed, OO3 = a 

and O3O4 = b. 

The following is a summary of the other symbols. 

rp: radius of wheel reference circle 

r1p: radius of reference circle of worm throat part   



r1f: radius of tooth bottom of worm throat part   
   z4
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  u x4

 

Rp:  radius of die pitch circle 

Rf: radius of tooth bottom of die 

Rc: radius of conical tool 

γ: half angle of conical tool 

δ: inclination angle of tool 

φ: angle of rotation of wheel axis = angle of rotation of tool axis 

Fig. 2 Coordinates for conical tool wc: width of the tool tip 

 m: axial module 

2.4 Equations used to obtain tooth surface of die i: angular velocity ratio of worm to wheel = angular velocity ratio 

of worm to tool = ω1/ ω  2 The die material is attached to the xd axis of the Od coordinate 

system, and rotates around the xd axis at ωd.  Against this 

material, the C2 tool rotating around O2 axis at ω2 contacts the 

die to generate die tooth surface, Xd.  Here, the C2 tool and the 

die tooth surface satisfy the contact condition(4) proposed by Sakai.  

If the die tooth surface is represented by stationary coordinates 

(Fig. 3), 

k: angular velocity ratio of worm to die = ω1/  ωd 

j: angular velocity ratio of wheel to die = angular velocity ratio of 

tool to die = ωd/ ω2 

 

2.3 Equations for tool 
As explained in Section 2.2, the position of the C2 tool is 

expressed as X4(u, v) by the tool-axis fixed coordinate system O4, 

and its normal vector is expressed as n4(u, v) (Fig. 2).  Since the 

C2 tool rotates around the center of the wheel axis to generate the 

die tooth surface, when the above coordinates are transformed into 

O2 coordinates (Fig. 3),               
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and  

     ｎ２＝Ａ３ｎ４                         (2) 

are obtained.  In stationary coordinates  

      Ｘ＝Ａ２Ｘ２                          (3) 

and  

ｎ＝Ａ２ｎ２                                       (4) 

Here, X4, n4, A2, A3 and B are represented as follows. Fig. 3   Positional relationship of C2-tool-axis fixed coordinates 
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(8) 

cosγcosu

ｎ４ = cosγsinu
-sinγ

                            (5) 
Based on the contact conditions between a tool and a die in 

stationary coordinates, the contact lines between the tool and the 

die, as well as the tooth surface of the die are calculated.  When 



the tool velocity in the stationary coordinate, X, is represented as 

V2, die velocity as Vd and the relative velocity of the tool and die 

as W, 

In this section, the shape requirements of the die used to form roll 

the tooth surface of the hourglass worm are discussed.  Here, 

mechanical issues are focused on, and only meshing performance 

between the die tooth surface and the form-rolled worm tooth 

surface is discussed, while issues related to plasticity are excluded. 

 Ｗ＝Ｖ２－Ｖｄ＝ω２×Ｘ－ωｄ×（Ｘ－Ｃｄ）     (9) 

The equation for contact conditions between the two is     

The worm is hourglass-shaped and the die is beer-barrel-shaped.  

The worm and the die mesh with each other and rotate around the 

x1 and xd axes, respectively, which are parallel.  When the worm 

and the die are focused on, each has a pitch point and a pitch circle.  

Since the angular velocity ratio of worm to die at the pitch point is 

ω1/ ωd = Rp/r1p = k, 

ｎ・Ｗ＝０              (10) 

Since ωd/ω2 = j holds, the equation for contact conditions is then 

represented as  

 －y・nx＋(x＋ｊ・z)・ny－ｊ・(y－ed)・nz＝0   (11) 

using Eqs. (9) and (10).  By substituting Eqs. (1)-(5) into Eq. (11), 

x, y and z are calculated. 

Assuming   Ｒｐ＝ｋ・ｒ１ｐ                               (19) 

holds.  

  (12)   (12) 

A1=cosφ(sinδsinγcosu+cosδcosγ)+sinφsinγsinu
B1=sinφ(sinδsinγcosu+cosδcosγ)-cosφsinγsinu
C1=cosδsinγcosu-sinδcosγ

A2=b ・ cosφcosδ-a ・ sinφ
B2=b ・ sinφcosδ+a ・ cosφ
C2=b ・ sinδ

A1=cosφ(sinδsinγcosu+cosδcosγ)+sinφsinγsinu
B1=sinφ(sinδsinγcosu+cosδcosγ)-cosφsinγsinu
C1=cosδsinγcosu-sinδcosγ

A2=b ・ cosφcosδ-a ・ sinφ
B2=b ・ sinφcosδ+a ・ cosφ
C2=b ・ sinδ

  Table 1  the relationship between Hourglass worm and die 

Items

"ａ" dimension
ｅ－Ｒｃ－ｒ１ｆ＝ Ｒｃ＋Ｒｆ－ｅｄ＝

(ｅ－ｒ１ｐ)－(Ｒｃ－βｍ) (ｅ－ｒ１ｐ)＋(Ｒｃ－βｍ)

Center distance ｅ ｅｄ＝（１＋ｋ）ｒ１ｐ－ｅ

Helix direction
of thread

Right hand(Left） Left hand(Right）

Hourglass worm Form-rolling die

Angular
velocity ratio ｉ＝ω１／ω２

ｊ＝ωｄ／ω２

　＝ｉ／ｋ

 

x  -v ・A 1 +A 2

y ＝  -v ・B 1 +B 2

z  v ・C 1 +C 2

x  -v ・A 1 +A 2

y ＝  -v ・B 1 +B 2

z  v ・C 1 +C 2
            (13) 

holds. Based on Eqs. (11)-(13),   Table 1 summarizes the relationship between various parameters 

of the hourglass worm and the die used for form rolling during 

generation of the tooth surface.  The “a” dimension is calculated 

from Fig. 1. 
 

B 2 ・ n x－ (A 2＋ j・C 2 ) ・ n y＋ j・ (B 2 -e d ) ・ n z

B 2 ・ n x－ (A 2＋ j・C 2 ) ・ n y＋ j・ (B 2 -e d ) ・ n z

v＝
 

(14) 

 By substituting Eq. (14) into Eq. (13), a contact line in stationary 

coordinate is obtained.  In addition, by reverse-converting  Eq. 

(6), the contact line on die-axis fixed coordinates is calculated as 

follows. 

2.6 Tooth figure of rolled tooth surface  
The die tooth surface is represented by Eqs. (15) and (19), 

which were used to calculate the screw surface of the form-rolled 

hourglass screw.  The angle of rotation of the wheel axis used to 

generate the die tooth surface is represented by φ.  While, θ 

represents the angle of rotation of the wheel during form rolling of 

the tooth surface of the hourglass worm using the die. 

 Ｘｄ＝Ａｄ－１（Ｘ－Ｃｄ）                   (15)  

 ｎｄ＝Ａｄ－１ｎ                            (16) 
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　Ａｄ
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    1　　　  0　        0
0　　cosｊφ　  sinｊφ

　0　　-sinｊφ  　cosｊφ  

When the die tooth surface expressed by Eqs. (15) and (16) is 

represented by a stationary coordinate system, 
Assuming zd=0, the cross-sectional tooth surface of the die axis is 

obtained as 
Ｘθ＝ＡｄθＸｄ＋Ｃｄ ＝ＡｄθＡｄ

－１（Ｘ－Ｃｄ）＋Ｃｄ   (20) 
 ｘｄ＝ｘｄ（φ），ｙｄ＝ｙｄ（φ）           (18) 

 ｎθ＝Ａｄθｎｄ  ＝ＡｄθＡｄ
－１ｎ                    (21) 

 
The terms of the transformation matrix of each of the coordinates 

are  
2.5 Shape of die 



　Ａｄ θ＝

    1　　　  0　        0
0　　cosｊθ　-sinｊθ

　0　　sinｊθ  　cosｊθ
        (22) 

Ａｄ θＡｄ
-1
＝

=

 0 　cosｊφ　 sinｊφ

　  0  -sinｊφ   cosｊφ　0　　sinｊθ  　cosｊθ

    1　　　  0　        0
0　　cosｊθ　-sinｊθ

 1　　　　　　　  0　    　　　    0
0　　cosｊ(θ-φ)　　-sinｊ(θ-φ)

　0　　sinｊ(θ-φ)  　　cosｊ(θ-φ)

     1　　　  0　      0

 

(23) 

Using Eqs. (20) and (21), the die tooth surface is represented by a 

stationary coordinate system.  Assuming worm tooth surface is 

represented as X1 by a worm-axis fixed coordinate system, its 

representation by stationary coordinates becomes 

 Ｘθ＝Ａ１Ｘ１＋Ｃ１                        (24) 

0
　Ａ1＝   Ｃ１＝  ｅ

0

   1  　  0　        0

  0   sinｉφ  　cosｉφ
 0　cosｉφ　－sinｉφ

     (25) 

The relative velocity of the die and the worm, Wd, is represented 

as 

Ｗｄ＝Ｖ１－Ｖｄ 

＝ω１×（Ｘθ－Ｃ１）－ωｄ×（Ｘθ－Ｃｄ）   (26) 

using Eqs. (20) and (24). 

Based on Eqs. (26) and (21), the equation for the contact condition 

is  

 ｎθ・Ｗｄ＝0                          (27) 

Since ω1/ ωd = k holds, the equation for the contact condition is 

rewritten as 

         Ｍ＝（ed－k・e）／(1－k)                    (28) 

using Eqs. (26) and (27). 

Here, M is a constant and  

 zθ・nyθ＋（M－yθ）・nzθ＝0              (29) 

By substituting Eqs. (12) and (20)-(23) into Eq. (29), (xθ, yθ, zθ) 

is obtained.  Then, 

ｖ＝{nz・(B2－ed)－C2・ny－(M－ed)・nzθ}／(C1・ny＋B1・nz) (30) 

v is given by Eq. (14) and then u, which satisfies the Eq. (30), is 

obtained.  

           ｕ＝ｕ（φ，θ）                       (31) 

By substituting u into Eq. (20), the contact line between the die 

tooth surface and tooth surface of the form-rolled worm in 

stationary coordinates is obtained as a function of φ and θ.  

In addition, using Eq. (24), 

       Ｘ１＝Ａ１－１（Ｘ－Ｃ１）                  (32) 

 

Ａ１ θ
-1＝

    1　　　  0　        0
　0　cosｉθ　  sinｉθ
　0　-sinｉθ  　 cosｉθ

        (33) 

The X1 in Eq. (32) represents the tooth surface of the form-rolled 

worm.  Assuming z1 = 0, the cross-sectional tooth figure of the 

worm axis is obtained as 

 ｘ１＝ｘ１（θ）， ｙ１＝ｙ１（θ）           (34) 

 

3. Conclusion  
The possibility of producing form-rolled hourglass worms has 

been increased based on the results of this analysis.  In the 

second report, we will report on a design example of dies based on 

the analysis and comparison between the calculated and 

experimental results of the tooth surface of the worms which are 

form-rolled using the die. 

 

4.  References 
(1)  Takao SAKAI,”A study on Tooth Profile of Hypoid 

Gears”,Trans. of the JSME,Vol.21 No.102,1955 

(2)  Hisashi TAMURA・Takao SAKAI・Minoru  MAKI, “On the 

Hourglass Worm Gearing Generated by a Basic Member with 

a Conical Tooth Surface”,Trans. Jpn.Soc.Mech.Eng.,(in 

Japanease),Vol.46,No.402,C,1980 

(3)  Akiyo HORIUCHI･Minoru MAKI, ”Hourglass Worm 

Gearing with Worm Teeth Generated by High-Speed Screw 

Cutting Method”, JSME International Jounal C,Vol.44 No.2, 

2001 

(4)  Takao SAKAI・Sachio UESUGI・Minoru MAKI・Akiyo HOR 

IUCHI, ”A Study on Hourglass Worm Gearing with 

Developable Tooth Surfaces”, Trans. of the ASME, Vol.100, 

No.3,1978 


